Weighted Estimates for the iterated Commutators of 
Multilinear Maximal and Fractional Type Operators 



Qingying Xue 



Abstract 

In this paper, the fohowing iterated commutators T*^n6 of maximal operator for mul- 
tihnear singular integral operators and Ia,Tib of multilinear fractional integral operator are 
introduced and studied 



T*,nb{f){x) = sup 

<5>0 



[bi, [62, • • • [bm-i, [bm,Ts]m]m-i ' ' " ] 2] 1 (/) (a;) 



Ia,nbif){x) = [61, [62, ■ • • [6m, ■ ■ ■]2]i{f)ix), 

where Ts are the smooth truncations of the multilinear singular integral operators and is 
the multilinear fractional integral operator, hi G BMO for ? = 1, ...,m and / = (/i, fm)- 
Weighted strong and L(logL) type end-point estimates for the above iterated commuta- 
tors associated with two class of multiple weights and ^(p',^) are obtained, respectively. 

1 Introduction 

The multilinear C alder on- Zygmund theory is a natural generalization of linear case. Many 
authors were interested in these topics ([6],[7],[5],[l8],[l5],[g,[l9],[22],[l],[20],[2g,[l3]and 
[2]). So we first recall the definition and some results of multilinear C alder on- Zygmund operators 
as well as the corresponding multilinear maximal operators and fractional type operators. 



Definition 1.1 (Multilinear Calderon-Zygmund operators) Let T be a Multilinear oper- 
ator initially defined on the m-fold product of Schwartz spaces and taking values in the space of 
tempered distributions, 

T : ^(M") X • • • X ^(R") ^'(M"). 

Following [6], we say that T is an m-linear Calderon-Zygmund operator if for some 1 < qj < oo, 
it extends to a bounded multilinear operator from L'^^ x • • • x L'^™ to L'^ , where - = — -|- • • • -|- — , 

^ J ' q qi q-m' 
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Q. Xue 



and if there exists a function K , defined off the diagonal x = yi = ■ ■ ■ = in (M") 
satisfying 



n\m+l 



T{fi, - ■ ■ ,fm){x) = I K{x,yi,- ■ ■ ,ym)fi{yi) ■ ■ ■ fm{ym)dyi- ■ -dyr, 



for all X ^ njlisupp/j; 



\K{yo,yi,--- ,ym)\<-7y^ r- -Ty;^; (1-1) 

vz^fc /=o ivk ~yi\) 



and 

A\yj-y'/ ' 
(Lfc /=o m - yi 



\Kiyo,--- ,yjr-- ,ym) - K{yQ,--- ,y'p--- ,ym)\ < — f^w+F' (l-^) 



for some e > and all 0< j < m, whenever \yj — y'j] < ^ maxo<fe<m \yj — yk\- 
The maximal multilinear singular integral operator was defined by 

T*{f){x) = sup \Ts if I,- ,fm){x)\, 
5>o 

where Ts are the smooth truncations of T given by 



Tsifi, - ■ ■ Jm){x) = / K{x,yi,--- ,ym)fi{yi)--- fm{ym)dy. 

k-J/ipH l-|a;-i;mp>52 

Here, dy = dyi--- dym- 

As is pointed in [T^, T^{f){x) is pointwise well-defined when fj E L'?j(]R'") with 1 < qj < oo. 

The study of the multilinear singular integral operator and its maximal operator has a long 
history. For maximal multilinear operator T^,, one can see for example, [17], |14j . j20j and [3] for 
more details. We list some results for T^, as follows: 

Theorem A([T7]) Let 1 < < oo, and q be such that | = ■ ■+^, and ui G ^qiH- • -^Aq^. 
Let T be an m-linear Calderon-Zygmund operator. Then there exists a constant Cg^„ < oo so 
that for ah / = (/i, • • • , f^) satisfying 

m 

\\T.{f)\\Ll <Cn,,{A + W)J{U\y^, 

i=l 

where W is the norm of T in the mapping T: x • • • x — )• 2^1/™-'°°. 
Theorem B ([3]) Assume that J- + ^ = i and w € A^, then 

(i) If 1 < pi, < OO, then is bounded from W^iwx) x • • • x LP"^{wm) to LP(cJ); 

(ii) If 1 < pi, ...,Pm < oo, then is bounded from LP^{wi) x • • • x LP"^{wm,) to LP'°^(cj). 
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Here, is the multiple weights in the Definition 2.1 below. The boundedness of T^, on Hardy 
spaces and weighted Hardy spaces were obtained in [H] and [21]. 

Now, let's recall some definitions and background for the multilinear fractional type operators. 

In 1992, Grafakos jT2] first defined and studied the multilinear maximal function and multi- 
linear fractional integral as follows 



and 



1 r I 

M«(/)(x) = sup^ / \l\fi{x-eiy) 

r>0 r J|j/|<r I .^-^ 
m 

Ia{f){x) = / — Ufiix- e,y) dy, 

\y\ f-i 



dy 



where 9i (i = 1, • • • ,m) are fixed distinct and nonzero real numbers and < a < n. We note 
that, if we simply take m = 1 and 6i = 1, then Ma and la are just the operators studied by 
Muckenhoupt and Wheeden in [23]. In 1999, Kenig and Stein [18] considered another more 
general type of multilinear fractional integral which was defined by 

IaAf)i^) = / 77 7;:^^^E^T\fi{^r{yi,---,ym,x))dy„ 



i=l 



where £i is a linear combination of yjS and x depending on the matrix A. They showed that 
Ia,A was of strong type (L^i x ■ • • x L^'", L'^) and weak type (L^i x • • • x L?'™ , L'?'°°). When 
■ ■ ■ ,ym, x) = X — yi, we denote this multilinear fractional type operator by la- 

For a long time, there is an open question ([E]) in the multilinear operators theory. That 
is, the existence of multiple weights theory for multilinear C alder on- Zygmund operators and 
multilinear fractional integral operators. This was established in [19], [22], [3] and the multiple 
weights A^ and were constructed (see the definitions in section 2 below). 

In [19j and [1], the following commutators of T and la in the j-th entry were defined and 
studied, including weighted strong and weighted end-point L(logL) type estimates associated 
with A^ and ^(p,q) weights, respectively. 

Definition 1.2 (Commutators in the j-th entry) (119^ . f^) Given a collection of locally 
integrable functions b = (hi,-- - ,bm), we define the commutators of the m-linear Calderon- 
Zygmund operator T and fractional integral la to he 

m m 

[h,T]{f) = T^^if,, ...,fm) = hjf)(^) = 

j=l i=l 

where each term is the commutator of bj and T in the j-th entry of T, that is, 
TUf) = bjTifi, ...,/,-,..., /^) - T(/i, ... , bjfj, fm). 



Also 



= bi{x)Ia{fl,--- ,fi,--- Jm){x) -laifl,--- Afi,'-- Jm){x). 
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Q. Xue 



Recently, in [23], the following iterated commutators of multilinear Calderon-Zygmund operators 
and pointwise multiplication with functions in BMO are defined and studied in products of 
Lebesgue spaces, including strong type and weak end-point estimates with multiple Ap weights. 



Tnb{f){x) = [bi, [62, • • • [bm~i, [bm, T]m] 



m-l ■ ■ ■ J2jl 



(/)(^) 



TT(6j(x) - bj{yj))K{x,yi, ...,ym)Y[ fiiVi) dy- 



:i.3) 



1=1 



Therefore, an open interesting question arises, can we establish the weighted strong and end- 
point estimates of the iterated commutators for the multilinear operator and /q? We note 
that, there is no results for the commutators of multilinear operator T* (m > 2), even for the 
commutators of T^, in the j-th entry. 

In this article, we give a positive answer to the above question, we study iterated commutators 
of maximal multilinear singular integral operator and multilinear fractional integral operators 
defined by 



T*,nb{f){x) = sup 
5>0 



sup 

5>0 



[61, [62, • • • [bm-1, [bm,Ts]m] 



m-l ■ ■ ■ 2 1 



l[{b,{x)-b,iyj))K{ )Y[fi{yi)dy 

|x-yi|2+---+|a;-s/„|2><52 



i=l 



:i.4) 



and 



= [61, [62, • • • [bm-l, [bmJalm] 



m-l ■ ■ ■ 2 1 



(/)(^) 



1 



^)- \[x -yi,--- ,x -yr, 



ll{b,ix)-b,iy,))llfiiy,)dy. 



(1.5) 



i=l 



Remark 1.1 Note that, when m = 1 in (1-3), this definition coincides with the linear commuta- 
tor \b,T]f = bT{f)—T{bf) and = bla{f) — la{bf). One classical result given by Coifman, 
Rochberg and Weiss is that [b,T] is bounded for 1 < p < 00 when b € BMO. But [6, T] 
fails to be an operator of weak type (1, 1), a counterexample was given by C. Perez and an alter- 
native L(logL) type result was obtained in \24^ . In 1982, Chanillo proved that the commutator 
of the fractional integral operator [6, /«] is bounded from into L'^ (p > Ij 1/^ = ^/p — a/n) 
when b € BMO. In 2002, Ding, Lu and Zhang 11 Of studied the continuity properties of fraction 
type operators. They showed that [b,Ia] fails to be an operator of weak type (L^, L"/("~")'°°), 
counterexamples were given in llOf . alternative L(logL) type estimates was obtained. 

We state our results as follows. 
Theorem 1.1 (Weighted strong bounds for T^,Ylb) Let € A^, - = — + • • H — — with 

' ^ P Pl Pm 

1 < Pj < 00, j = l,..,m; and b E (BMO)^. Then there is a constant C > independent of b 
and f such that 

m m 
j=l i=l 

where b = (61, bm)- 
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Theorem 1.2 (Weighted end-point estimate for T^nfe) Letuj € andb G {BMOY 

Then there exists a constant C depending on h such that 



\f^{y^)\ 



0Ji{yi)dyt 



(1.7) 



where <I>(t) = t{l + log"*" t) and = <i) o • • • o $. 

Remark 1.2 If m = 1, then weighted strong and weighted end-point L(logL) estimates for 
commutators of the classical linear operator T^, were studied in 129^ . 

As for Iq, Yih, we get 



Theorem 1.3 (Weighted strong bounds for la.ub) Let < a < mn, 1 < pi, • • • < oo, 

I = \- and ^ = ^ - ^- For r > 1 with < ra < mn, if uj' G A,^ v^'i G ^oo a'^f^ 

V PI Pm q p n (-:-) 

b G [BMO]™', there is a constant C > independent of h such that 

m m 



^owbmo 
j=l i=l 



Theorem 1.4 (Weighted end-point estimate for lam) LetO < a < mn, u G A((i ... d 
and b G (BMO)"^. Then there exists a constant C depending on b, such that 



n I ( ^ , , ^ mn — ck ^ \ 

[\x G M" : 4,nb(/)(x) > 



^ C 



1 + — logMTT/ '^'^"^ 



\f^{y^)\ 



dy. 



-im rn 



n 



Moreover, if each < aj < n, we obtain 



mn — a. 



[1.9) 



$(™) 



where ^{t) and <I>("^) are i/ie same as in Theorem 1.2. 



(1.10) 



As a corollary of Theorem 1.3 and Theorem 1.4, we can obtain similar results for the commutators 
of the multilinear fractional maximal operator. Let's first give its definition. Suppose each fi 
(i = 1, • • • , m) is locally integrable on M". Then for any x G M", we define the multilinear 
fractional maximal operator and its commutators by 



m 

M„(/)(x) = sup|Q|^r[— / \f^iy^)\dyi 

Q tJ[ \Q\ Jq 
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Q. Xue 



and 

■A^a,n6(/)(a;) = suplQI" TT— / Mx) - bi{yi)\\fi{yi)\dyi, 
Q t=i 1^1 ■'Q 

where the supremum is taken over ah cubes Q containing x in M" with the sides parahel to the 
axes. 

Corollary 1.1 Let a, hi, uj, pi,q be the same as in Theorem 1.3-1.4, then Theorem 1.3-1.4 still 
hold for Aia,nb- 

The article is organized as follows. In section [21 we prepare some definitions and lemmas. 
Some propositions will be listed and proved in section [3l including the main Proposition 3.1. 
Then, we give the proof of Theorem 1.1-1.3. Section [3] will be devoted to the study of the 
end-point L(log L) type estimates for the iterated commutators of multilinear fractional type 
operators. 



2 Definitions and some lemmas 

Let us recall the definitions of and weights. 

For m-exponents pi, - ■ ■ ,Pm, we will often write p for the number given by ^ = ^ + " " " + 
and p for the vector p= (pi, • • • ,Pm)- 



Definition 2.1 (Multiple A,f; weights) ffl^) Let 1 < pi, ■ ■ ■ ,pm < oo. Givenu = {ui, ■ ■ ■ ,ujm), 
set 



"- = 11 

We say that u) satisfies the condition if 



m 

P/Pj 



When pj = 1, JgUi^^P'^ ^ * is understood as (infgWj)"^. 

Definition 2.2 (Multiple ^(p-^^) weights) (J^, 12^ ) Letl t^pi,--- < oo, | = ^ H h 

and q > 0. Suppose that Co = {uji, ■ ■ ■ ,ujm) and each uoi [i = 1, • • • ,m) is a nonnegative 
function on M". We say that u € ^(p,^) if it satisfies 



where = YYiLi^i- V Pi = 1; (y^ fg^i ^"^ understood as [miq uji)~^ . 
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Remark 2.1 In particular, when m = 1, we note that will be degenerated to the classical 
Ap weights. Moreover, if m=l and pi = 1, then this class of weights coincide with the classical 
Ai weights. Also, when m = 1, we note that ^(p,g) will be degenerated to the classical ^(p,g) 
weights, where the latter was defined in 1974 by B. Muckenhoupt and R. Wheeden I23f . We will 
refer to (1.4) o,nd (1.5) as the multilinear A^ condition and ^(p,g) condition. 

We need the following L(log)L type multilinear maximal fractional operators 

Definition 2.3 For any f = (/i, • • • , fm) and < a < mn with "^"^i ai = a, two multilinear 
fractional L(log L) type maximal operators are defined as 

■^i(logL),«(/) W = 2^^P IQI " II/. llL(logL),Q l/'l 

and 

m 

ML{logL),a{f)(^) = SUPIQI" nil/^lli(logL),Q' 

respectively. Ifa = 0, for simply, we denote AlL(iogL),o = -^L(iogL) and M^^y^^j^^ ^ = X^(iogi) 

We prepare some lemmas which will be used later. The following Holder's inequality on Orlicz 
spaces can be seen in [271 P- 58]. 

Lemma 2.1 (Generalized Holder's inequality) (f27^1) Let (f>{t) = t{l + log'''t) and = 
e* — 1 and suppose that 



A 



inf<jA>0: / (t>(^-^^)d^L^l} <oo 



llfflU = inf|A>0:^^V'(^)d/^^^l}<oo 
with respect to some measure fi, then for any cube Q 

y^^l/^l ^'^\\f\\LilogL),Q\\9\\c^pL,Q- (2-3) 

Some other inequalities are also necessary. 

Lemma 2.2 (^) Suppose that r > 1 and b G BMO, then for any f satisfing the condition of 
generalized Holder's inequality there is a C > independent of f and b such that 



1 

W\ 



I/I ^ t^ll/llL(logL),Q; (2.4) 



L{logL),Q 



^ c(t^ [^\fn ; (2.5) 



IQI 



1 

IQI 



\{b-bQ)f\ ^ C\\b\\^,,Jf\\^.^.n; (2.6) 



1 



If 1 \ ~ 



TW\ /-'^"^«'' ) C\\b\\^,,o. (2.7) 
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Q. Xue 



We need Kolmogorov's inequalities in the following lemma, which are necessary tools for some 
estimates. 

Lemma 2.3 (Kolmogorov's inequality) ffl^. lTl\ p. 485]) 
(a) Suppose < p < q < oo, then 



(2.8) 



(b) Suppose that < a < n and p,q > satisfying | = | — ^. Then for any measurable 



function f and cube Q, 



\f\' 



(2.9) 



To prove Theorem 1.4, we also need the following known results. 

Lemma 2.4 (Weighted estimates for M.a and Iq,) (W^. ^) LetO < a < mn, 1 ^ pi, • • • ,pm < 

oo, ^ = ^ + ■ ■ ■ + ^ o.'i^d ^ = ^ — ^- Then for Co G ^(p,^) there is a constant C > independent 
of f such that 



|-^a(/)||^g,oo(^_.9) ^ \\fi\\LP^{oJP^y 
i=l 

m 

||^(/)||i9,oo(^^9) ^ ||/*|lLPi(a;fi)- 
i=l 



(2.10) 
(2.11) 



3 Proof of Theorem 1.1-1.3 



To begin with, we prepare one proposition which plays important role in the proof of our 
theorems. The basic idea is to control the iterated commutators of T^, by another two operators. 

Let u,v e C°°([0,oo)) such that \u'{t)\ < Ct'^, \v'{t)\ < Ct'^ and satisfy 

X[2,oo)(*) < < X[l,oo){t), X[l,2]{t) < v{t) < X[l/2,3](*)- 

We define the maximal operators 



C/*(/)(x)=sup 



y*(/)(x) = sup 

r;>0 



„ m 

/ K{x, 2/1, ...,Um)u{y/\x - yi\+, ...,+\x - ym\/r]) TT fi{yi)dy 

r. m 

I K{x,yi, ...,ym)v{^/\x - yi\+,...,+\x - ym\/r])Y\ MViW 
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For simphcity, we denote Ku,r,{x,yi, ... ,ym) = K{x,yi, ...,ym) u{'s/\x - yi\+, ...,+\x - ym\/r]), 
Kv,ri{x,yi,...,yrn) = K{x,yi, ...,ym)v{y/\x - yi|+, - yrn\/r]) and 



and 



Ur,{f) 



yi,-,ym)Y[fi{yi)dy 



1=1 



iny 



yi, ■■■,ym)Y{fi{yi)dy. 



It is easy to see that r,(/) < U*{f){x) + V*if)ix). Moreover, T.^f) < UUf)ix) + ymif)i^)^ 
where 



and 



Uubif)i^) = sup 

r?>0 



sup 

r]>0 



V^,{f){x)) = sup 

ri>0 



sup 

r;>0 



[61, [62, • • • [bm-1, [bm,U, 



ri\m\m-l ' ' ' J2jl 



Ku,T,{x,yi, ■.■,yrn)\\{hj{x) -hj{yj))\\fi{yi)dy 

) j = l 



1 = 1 



m.-l • • • J2jl 



Kv,r,{x,yi, ...,ym) T\{bj{x) - hj{yj))T\ fi{yi)dy 



i=l 



Following [25], for positive integers m and j with 1 < j < m, we denote by CJ" the family of all 
finite subsets a = • • • , of {1, • • • , m} of j different elements, where we always take 

a{k) < a{j) if A; < j. For any a G C™, we associated the complementary sequence a' G 
given by a' = {1, • • • , m}\c7 with the convention = 0. Given an m-tuple of functions b and 
<T E Cp, we also use the notation 5o- for the j-tuple obtained from b given by (&o-(i)) ' ' ' ) ba(j))- 

Similarly to the above definition for U^f^{f){x) and U^f^{f){x), a G C™', and ba- = (^<j{i)) ' ' ' 1 &o-(j 
in BMO^ , the iterated commutator 



^nb<,(/)(3;) = sup 
»?>o 



iny 



,'ri\x, yi, ym )'[liba{i)ix) -b^^i){y^^i)))Ylfi{yi)dy 



1=1 



i=l 



VnV(/)(^)=sup 



,r]\x, yi, ym )Y{{ba{i){x) - b^(^i){y^(^i)))Y[fi{yi)dy 



1=1 



i=l 



Ia,nb, 



■(/)(^)= / 



r \ix-yi,--- ,x-ym)\' 



'Ylib^{i)i^) -ba{t)iya{i)))Ylfiiyi 



i=l 



1=1 



While a = {j}, U^,^{f) = U*^if),V*,^{f) = V*{f) and = lljf)- ^ = {1, -M, 

then C/*,^(/) = = Vmif) and I^^ubAf) = iLmif). 
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Q. Xue 



Proposition 3.1 (Pointwise control of mJ(C/*,(/)), M»(l^n*fe(/)), Mj(/,,nfe(/))) Let0<5< 
e, < 5 < ^ and < a < mn. Then there is a constant C > depending on 5 and e such that 



Mj(f/fi,(/l)(x)^C'nil&,llBMo(A^L(iogL)(/K^) + M,([/*(/))(rE)) 
i=i 

m-1 j 
j=l aeC"^ 1=1 



(3.1) 



Mj(Vn\(/))(x) ^ CH \\b,\\BMo{MLilo,L)if)i^) + A4(F*(/))(x)) 

m-l j 

E nil^-wll^A/oM,(VnV,(/))(^), 

J = l crGCj" i=l 

m 

Mlil^^Ubimx) ^ CH \\b,\\BMo{MLiiosL)Af)i^) + Me{lM)){x)) 

m-l j 

E X{\\b<r{^)\\BMoMe{Io.,mAM^)- 

j = l aeC"^ 1=1 



(3.2) 



(3.3) 



(3.3) still hold for 6 = l/m. 

Proof of Proposition 3.1. 

We only give the proof for U^j^{f) and Ia,nb{f), since the proof for V^f^{f) is almost the same 
as U^,{f). 

For simplicity, we only prove for the case m = 2, since there is no essential difference for the 
general case. Fix 61,62 G BMO and denote any constants by pi, p2- We split U^^{f){x) in the 
following way, 

UUf){x) = sup |(6i(:e) - pi)(62(x) - P2)t/,(/)(x) - (61 (x) - pi)t/,(/i, (62 - P2)f2){x) 

ri>0 

- Mx) - P2)U^{{hl - Pl)flj2){x) + U^{{hl - pi)/l, (62 - P2)f2){x)\ 

= sup I - (61 (x) - pi)(62(x) - P2)U^{f){x) + (61 (x) - pi)Ul,^_p^{h, h){x) 

ri>0 

+ Mx) - />2)C/^V-Pi(/l' /2)(^) + Ur,{{h - pi)/i, (62 - P2)f2){x)\. 

Here we denote ^7i,^_^^(/i, /2)(x) = U^{{bi- pi)fi, f2){x) and C/2,,_^,(/i, /2)(x) = C/^(/i,(62- 
P2)f2){x), similar notation will be used in the rest of this paper. 

Fix xo G and let Q be a cube centered at xq- Since Q < 5 < Let c = sup,^ | Yl^j=i Cjl) 
then we have ^ 



where 

,IQI 



^ / \{b,{z) - p,){b2{z) - p2)\'U*{f){z)' dzY , 
Q / 
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T2 = (^i^^SUp 1(61(2;) - /3i)[C/^fe2-p2(/l,/2)(2)]|^'i5;^ • 
7^3 = ( 1^ ^ sup I (62 (^) - P2 ) Pl,^ ^^^{h,f2)iz)]\'dzy 

and ^ 

355 

'^^=\T7v sup|[/^((6i -/>i)/i,(52 - p2)/2)(2) - VcjI dz) 

\\Q\jQr,>0 ^ / 



Let pj = {bj)3Q be the average of bj on 3Q for j = 1, 2. 
the Holder's inequahty and ()2.7p 



For any 1 < ri,r2,r3 < 00 with + ^ + f;^ = 1 ^'Ud < |, Ti can be estimated by using 



T.<c\^A Uz) - A / 1^2(.) - ^> 

Q 



J \\Q\ 

1 



2 

<^^nil^ill^A//oM,(C/*(/))(xo). 

Since T2 and T3 are symmetric we only estimate T2. Let 1 < ti,t2 < 00 with 1 = 1/ti + l/t2 
and t2 < f ) then Ti can be estimated by using the Holder's inequality and Jensen's inequalities, 

1 1 

<C||6i||BAfoM,(C/4'%^(/))(rEo) 
<C||6i||bmoM,(C/*''(/))(xo). 

Similarly, 

T3 < C\\b2\\BMoMe{U^,^p,{mxo) < ClMBMoMeiU^^imXo). 

For T4, we denote that = fiXsQ and f°° = fi — f^. Note that c = sup^ | X]j=i Cj\, where 

Cl = [/,((6l - /9i)/0, (62 - /02)/2~)(^0), 
C2 = C/,((6l - />l)/r, (62 - />2)/2°)(^0), 
C3 = f/,((&l - Pl)/r, (&2 - P2)fr)ixo). 

we may split it in the following way 

T4 < Ti^l + r4^2 + 24,3 + T4_4, 
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Q. Xue 



where 



^M = f^ / snp\Ur,i{h - p^)f^,ib2 - P2)fl){z)\' dz)\ 
\\Q\Jqv>o J 

sup |f/,((6i - (62 - P2)!f\z) - U,i{h - Pi)/?, (62 - p2)fnM\'d 

ri>0 

^4,3= / SUp\Ur,{{h- pi)f^,{b2- P2)f^)iz) - Ur,{{bi- pi)f^,{b2- P2)f^){xo)\' dz 



1 

\Q\ 



and 



t4,4 



sup - pi)/r, (62 - P2)/2°°)(^) - Urjiibi - pi)fr, (62 - P2)fm^0) ^Z 

N\ JQ v>0 



We consider the first term. Use the Kolmogorov's inequaUty, lemma 2.2 (a), Theorem B with 
Wi = 1 for m = 2 and (2.6), then we deduce that 



Tai < C 



{\Q\ 



U*m-P,)fl{b2-P2)f2){z) 



PoS \ Vpo<5 



dz 



< c\Qr'\\u*{{b^ - p^)fi (62 - /52)/2°)|i^i,..(Q) 

< C\Q\-^\\{b^ - Pl)||/?||z.i(Q)||(f'2 - P2)/2°IIl1{Q) 

<C||6i|| BMoWh llL(logL)l|62|lBJ\/oll/2 ILpogL) 
m 

< CJI \MBMO-^LilogL){f){xo). 



i=l 

By mean value theorem we deduce 



74,2 < 1^ / sup 

IVl JQ ri>0 



Urjiibl - Pi)/?, (62 - P2)fmz) - Ur^iih - Pl)fl (62 - P2)fT){^0) 

n ^ [ [ \ih \f r \\j f la^o - ^11^2(2/2) - P2 1 1/2 (2/2)1^^2/2 ^ 

'^TTTT / / 61 - Pi /i U/i k^2/i / 71 r—\ \\2^e '^^ 

IQIJqJsq J{zqy (k-2/i| + k-2/2|)^"+" 

^ ^E ^,,ln^?/nl+. / 1(^1 -Pl)/l (2/1)1^2/1 / 162(2/2) -p2||/2(2/2)|^i2/2 



00 , 2 



- ^E 3jF n ll"''llBA/oll/illL(logL),3i+i'3 
j=l i=l 
2 

< '^nil^^llsMO^i(logL)(/)(2;o)- 
i=l 

Similarly as r4^2; we can get the estimates for T4^3. Now we are in a position to deal r4^4. Note 
that 

\\Ur,{{bl - Pl)/r, (62 - P2)/2°")(^) - (|^,(((6l - Pl)/r, (62 - P2)/2°"))(X0)| 
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J{R"\3Qf |(a;o - yi,a;o - ^2)1 " ^ fj[ 
^i(3'+'<3A(3'0)' {3"\Q\i) r.i 

2 

^ CY[\\bi\\BMO^LilogL){f)(.X0)- 
1=1 

Thus, we have 

2 

< Cj] ll^i|liJMO^L(logL)(/)(xo). 

Thus we complete the proof of this lemma for f^nfe(/)- 
Next, we prove (3.3) for Ia,Ubif), we split 

IaMf)i^) = (bii^) - Pi)ib2{x) - P2)lM){x) - (6i(x) - (62 - P2)/2)(:^:) 

- {h2{x) - P2)la{{bl - Pl)hj2){x) + U{hi - pi)h, (62 - P2)/2)(X) 
= -(61 (X) - pi)(62(x) - P2)Ia{f){x) + {h{x) - Pl)ll^p,^MlJ2){x) 
+ Mx) - P2)/i_p„„(/l, /2)(X) + Uih - Pl)fu {h2 - P2)f2){x). 

Fix xq G M" and let Q be a cube centered at xq- Denote any constants by c = (/„(/{', 
P2)f?){xo) + /a(/r, (62 - P2)f^){xo) + /a(/r, (62 - P2)f?){xo)) =: ci + C2 + C3. Then 
Since < ^ ^) then we have 

^ ^ ^ ll/a.maK^)!'^ - |c|^| dz\ ' ^ C{Si + 52 + ^3 + 54), 

where 



k\Q\. _ 

5*2 = (|^_^ ~ Pi)4Vp2,«(/i'/2)(2;)|^c?z 

'S'S = (^j^ y |(fo2(x) -P2)4\-pi,a(/l:/2)(2)|^C?2 



and 



54 = \la{{hl - (62 - P2)f2){z) - dz^ 

Let pj = {hj)^Q be the average of hj on 3Q for j = 1, 2. 
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For any 1 < ri,r2,r3 < oo with + ^ + ^ = 1 ^^'^ ^3 < |; "S*! can be estimated by using 
the Holder's inequahty and ()2.7p . 

2 

<cnil^ibAfoM,(/,(/))(xo). 
As the argument of T2, we still take 1 < ti,t2 < 00 with 1 = 1/ii + l/t2 and ^2 < | 
52 = (|^_^ -Pi)-^fe2-P2,a(/i'/2)(2;)|^c?z^ 

<C||6i||BMO-Mt25(/feVp„„(/l,/2))(xo) 

Similarly, we can get the estimates for ^3 as we deal 52- Next, for ^4, we denote that 
/° = nX3Q and fr = fi- /° and Let c = (/„(/?, (62 - P2)/2°°)(xo) + Uf?^, (62 - />2)/2°)(xo) + 
Ia{f]° 1 (^2 — P2)f2°){^o))^ then S'4 can be written as 

5*4 < Si^i + S'4,2 + 5'4,3 + 54^4, 

where 

^4,1 = ( 1^ ^ - Pi)/?' (^2 - P2)f^)iz)\'dz^ ' , 

1 

54,2 = ( 1^ - (^2 - P2)/2°°)(^) - Uih - Pi)/?, (52 - P2)fm^0)f dz^ ' , 

^4,3 = ^ - /'O/r' (^2 - P2)/2°)(^) - Uih - pi)/r, (52 - P2)f^){xo)f dz^ ' 

and 

54,4 = ( 1^ ^ - -^i)/"' (^2 - P2)/2°")(^) - uibi - pi)/r, (62 - P2)fn{xo)\' dz^ ' . 

Use Holder inequality, the Kolmogorov's inequality ()2.9p when p = ^ and q = ^^Iq, ; (2-11) in 
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Lemma 2.4, then we deduce that 



54,1 < C( ^ 



\Q\ 



Q 



U{bl-Pl)flib2-P2)f2){z) 



, 2 

2 



dz 



< C\Q\^-^U{h - Pi)/?, (62 - P2)/2°)||^^,oO(Q^ 

<C|Q|^-1(6i-Pi)/0||^i(q)||||(62-P2)/2°IIIIli(q) 

< C|3(5|" ||6i||^^^o||/i ||i(iogL),Qll^2|lBA/oll/2 llL{logL),Q 

2 

(/)(xo). 



By mean value theorem again, we deduce 
C 



- \Q\ 



Uih - Pi)/?, (&2 - P2)/2°°)(^) - Uih - Pi)/?, (62 - P2)f^){xo) 



dz 



<c^ f \ibiiyi) - Pi)Myi)\dy, [ 1^0 -f 1(^1 -Pi)ilf2M- P2||/2(y2)|^y2 ^^ 
00 . „ „ 

^gE (3.|g|l/n)2n-.+l y l(^l(?/l)-Pl)/l(yi)|rf?/l y^^,^^Jfe2(^2)-p2||/2M|dy2 



2 



(/)(^o). 

Similarly as S'4,2, we can get the estimates for 84^3. Now we are in a position to deal ($'4,4. 

I^iii-i - Pi)/r, ((-J - P2)/2~)(2) - (M(h - pi)/r, (62 - 

J{R"\3Q)2 \[xo-yi,xo-y2)\ ~Jl 

< cf/ j'^i*i^''"'7fi'r?''''^' nirfa.)i-ig 

fc;i(3»«Q)»\(3>.<3)» (3*1(31") ,.1 

00 , 2 

fc=l i=l 
2 

^ CYl\\bj\\BMoML(iogL),aif)(^o)- 
3 = 1 

So we obtain 

SA,i < C||^l|lBMoll^2|lBAfO-^i(logL),a(/)(2;o)- 

Thus we complete the proof for this lemma. 

Proposition 3.2 (Pointwise control of mJ ([/*(/)), Mj(y *(/)), mJ (/«(/))) Let < 5 < e, 

< 5 < ^ and < a < mn. Then there is C > depending on 5 and e such that 

MliWiMx) ^ CM{f){x), (3.4) 
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Ml{V*{f)){x) ^ CM{f){x), (3.5) 

Ml^JUfm^) ^ MM){x). (3.6) 
for all bounded f with compact support. 
Proof. 

The proof of (3.4) and (3.5) follows from similar steps in Theorem 3.2 of [191 and combine 

the method we used in the above proposition, here we omit the proof. On the other hand, (2.7) 
has already been obtained in [1], Proposition 5.2. 

Now, we can obtain 

Theorem 3.1 Let < p and w G ^oo- Suppose that b G (BMO)'^. Then there is a constant C 
independent of b and a constant Ci (may dependent on b) such that 

m „ 

\UUf){^)\''^{^)dx < CT\ IMbmo / [Mm,^L){f)(.xWw{x)dx, (3.7) 



Similar results hold for V^f^{f). 

Proof of Theorem 3.1. The proof of the above Theorem 3.1 are now standard as the case for 
multilinear C-Z singular integral operators. We briefly indicate such arguments in the case m=2, 
but, as the reader will immediately notice, and iterative procedure using (3.1) and (3.2)can be 
followed to obtain the general case. 

Using Fefferman-Stein inequality and pointwise estimate in proposition 3.1 we will have 



< \\MsiU^,{fmLPiu.)<C\\MliU^,{fmLn^) 

2 

< 

1=1 



cUMbmo II-Ml(/o5L)(/)IIlph + l|M|(C/*(/))||iP(^) 
1=1 ^ 

+ c(\\b2\\BM0\\Ml{US,{fmL.H + ||&l|bM0||M|(C/,* (/))|Up(^) ). 



Hence, next we estimate ||m|(?7^*^(/))||2,p(i^), ||m|(?7^* (/))||2,p(tj) has the similar estimate. Set 

Cr, = Ur^Ul - P2)f^){xo) + U^if^, (&2 " P2)fl){xo) + U^fif^, (^2 " /^2)/2°°)(^o) and C = 

sup^>o{|cr,|}, then 



|C/i(/)(^)-c|<sup 



/ Ku,r^{z,yi,y2){{b2{z) - P2) - (62(^2) - P2))T\ fi{yi)dy + c. 



< C\b2{z) - P2\U*{fi,f2){z) + sup |CZ,(/i, (62 - P2)f2){z) " C^\. 

ri>0 
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For arbitrary < e' < take 1 < ti,t2 < oo with 1 = 1/ti + l/t2 and t2 < 7, we have 



1 

W\ 



\ib2iz)-p2)U*ih,f2)iz) 



< 



Q 

1 

\Q\ 



dz 



1 

\Q\ 



1 



\h'i{z) - P2t' dz 

As the proof of Proposition 3.1, then Ur^{fi, (62 — P2)f2) can be written as 

{h2 - P2)f2) = Ur,Ul ib2 - P2)fl) + (62 " P2)/2°°) 

+ (62 - P2)f^) + u^ifr, ih - P2)fr)- 

Take 1 < po < 1/(2^) and using Holder's inequahty again, we have 



1^ / snY) \Ur,Ui,{h2- P2)f2){z) - Cr,\^ dz 



rt>0 



< 



\n\ I ''''P 

N\ JQ v>0 



Unifl, (62 - P2)f2){z) - Cr, 



Poe \ l/poe 

dz) 



< (G1 + G2 + G3 + G4), 



where 



^ .\Q\ Iq »?>o 



C/,(/?,(62-p2)/2°)(^) 



\ 1/poe 



dz 



G2= TT^ 



Ivl Jq »?>o 



ini / """^P 
N\ Jq v>o 



Ur^Ul ih - P2)fT){z) - U^{fl (62 - P2)fT){xo) 



U^Ur, ib2 - P2)f^){z) - Ur^Ur, {b2 - P2)/2°)(X0) 



dz j 



pos 



\ 1/P0£ 



dzj 



and 



^^ = (jk I - P2)fmz) - u^ur, ib2 - P2)fT){xo) dz\ 

The similar procedure for T4 in the Proposition 3.1, we obtain 

Gi<G||62|lBMO-^i(logL)(/)(^0). 

By mean value theorem we deduce 

G2<G|l62|lBMO-^i(logL)(/)(^0). 

Similarly as G2, we can get the estimates for G3. Moreover 



G4<G||62|lBMO>'i(logL)(/)(^0). 
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By proposition 3.2, so we have 

II^J[t^b2(/)]llifH - C'II^2||bA/o(||-A^(/)||lpM + ll-^i(logL) (/)ll 
< C\\b2\\BMo\\ML{\ogL){f)\\LP{Lu)- 

The desired inequality now follows. Since the left main steps and the ideas are almost the 
same as [25], here we omit the proof. So we get the estimate of strong type and weak type. 

Proof of Theorem 1.1-1.2. Theorem 1.1 follows by the reason that r^,^nfe(/) < U^f^{f){x) + 
V^j(/)(x), Theorem 3.1 and the weighted strong boundedness of A^L(iogL) ™ [E]- Theorem 1.2 
follows by repeating the same steps as in |19j . |25j and the method used in [29] . Since the main 
steps and the ideas are almost the same, here we omit the proof. 

Proof of Theorem 1.3. Theorem 1.3 follows by using Proposition 3.1 and the estimate for 
ll (j = 1, 2), which is Theorem 2.7 in [3]. 

4 Weighted end-point estimates for Ia,iib{f) 

Firstly, we will consider the end-point estimate of multilinear fractional L(log L) type maximal 
operator. 

Proposition 4.1 (Weighted end-point estimate for -ML(iogL),a) Let <I>(t) = t{l + log''~t) 
and uj G A((i ... d If < a < mn, then there is a C > such that 



eM":A1i(i„gi),,(/)(x)>t~}^ 



(4.1) 

If < aj < n for each 1 < j < m, X^JLi Oij = a, then there is a C > such that 

n ( ( , , ^ mn — a. ^ \ 

y^-^ N X € M" : AlL(iogL),a(/)(a;) > ) 

(4.2) 

Proof. By the homogeneity, we can assume t = \. We first prove (4.2). Denote that 
^1 = {x G M" : AlL(logL),a(/)(a^) > 1} and = ^1 n B(0, fc), 

where B(0,k) = {x € M" : |.x| ^ k}. By the monotone convergence theorem, it suffices to 
estimate Ei ^ ■ 
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For any x G there is a cube Qx such that 

m 

l<IQx|"nil/^-|lL(logL),Q- (4-3) 

i=i 

Hence, {Qx}x£Ei ^ ^ family of cubes covering Ei^k- Using a covering argument, we obtain a 
finite family of disjoint cubes {Qxi} whose dilations cover F such that 

m 

\E,^k\<C^\Qx,\ and K IQ.J " H ll/^-|lL(iogL),Q., • (4-4) 

I 3 = 1 



We follow the main steps first as in and denote to be the family of all subset 
a = ((t(1), cr(/i)) from {l,...,m} with 1 < h < m different elements. Given a £ CJ^ 
and a cube Qxi, if \Qxl^'''■'^\fa{j)\\L{\ogL),Q^^ > 1 for j = l,...,/i, we say that j G and 
IQx, |""f^'||/a(i)IU(iog L),Q,; < 1 fori = h + l,...,m. Denote 

i=l 

and ^0 = 1- Then it is easy to check that if o" G and j G B^, for any 1 < /c < m, we have 
> 1 and 



(fc)^ 

Or, equivalently 

. k-l 



jr 1 

By the following equivalence 

||/lkQC^irif {/i+-^ / <I>(|/|/^)}. 

If 1 < J < m — /i — 1, we obtain 

Since|||Q,,r'^('"-)/"/.H-,)A;„ _j_i||$,Q > 1, Using the fact that <1> is submultiphcative (i.e. 
$(st) ^ <l>(s)<I>(t) for s,t > 0) and Jensen's inequality, we have 
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By iterating the inequalities above and the fact that \\\Qxi\°'''^^^^^ fa{j)\W,Qxi > 1 J ^ -^o-j 
$■'+1 < and $"'-^+1 < for 1 < /i < m and 0<j<m-/i-l, we have 



- m—h—1 

< 



m 

< 



J 

We obtain 



(4.6) 



^^Uirn <^"'i\Qccfi)^"'ifj) (4.7) 

Since aj < n, there exists a constant Co > 1 and r/i, ...,r]m. small enough, such that 

< ??, < 1 - ^, 1 + log+ 1- < fi^ if t > Co. 
n 

Denote r/ = X^JLi then by (4.7) if \Qxi | > Co we have 

m „ 

f-^<Cn/ ^"(/i)- (4.8) 

j=i -^Q^i 

Thus, 

("^---r/)iog+(|g.j^)<c^iog+ n / ^"(/^O 

By (4.7) again, we have 



ifj)- (4.9) 



On the other hand, if \Qxi \ < Cq, then it is easy to see 1 + log \Qxi \ " < C. Thus 

m „ 

\Qx,r^^<cii $-(/,). (4.10) 



j=l " "^^i 
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(4.9) and (4.10) yield that 

|g..r-^<Cn|l + ^log+fn / ^™(/.))|/ '^'"(Z.)- (4.11) 
Finally, by (4.4) and the definition of class A((i ... d n n we 

I i zy^ j - ^ ^ ) 

mri — a 

scEE E(/ "--^j 

m m 
h=l adCl^ l€B„ j = l 

The proof of inequality (4.2) is finished. 

Inequality (4.1) follows by taking aj = a/m < n in the above proof. 
Proof of Theorem 1.4 and Corollary 1.1. 

To prove Theorem 1.4, we follow the main steps as in [3], without changes till the last step 
by using the above Proposition 3.1, We will obtain Theorem 1.4. 

To prove Corollary 1.1, similarly as in linear case |10] . we define 

And careful check in the proof of Theorem 1.3-1.4 shows that Theorem 1.3-1.4 still hold for 
la.m- Note the fact that A4ub,aif){x) < -^a,nb(|/i|i •••) \fm\)ix), this implies Corollary 1.1. 
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